An extended ÿnite element method (X-FEM) for three-dimensional crack modelling is described. A discontinuous function and the two-dimensional asymptotic crack-tip displacement ÿelds are added to the ÿnite element approximation to account for the crack using the notion of partition of unity. This enables the domain to be modelled by ÿnite elements with no explicit meshing of the crack surfaces. Computational geometry issues associated with the representation of the crack and the enrichment of the ÿnite element approximation are discussed. Stress intensity factors (SIFs) for planar three-dimensional cracks are presented, which are found to be in good agreement with benchmark solutions.
INTRODUCTION
The accurate modelling of three-dimensional cracks in ÿnite bodies remains a challenging problem in computational mechanics. The relevance and importance of the computation of fracture parameters and the simulation of three-dimensional crack growth stems from the widespread use of numerical fracture mechanics in fatigue life predictions of safety-critical components such as aircraft fuselages, pressure vessels, automobile components, and castings. Fatigue failure usually cracked bodies, the accuracy and performance of X-FEM is excellent. This opens up many exciting possibilities for its further development and advancement.
The outline of this paper follows. In the following section, we introduce the extended ÿnite element method, and in Section 3, we describe crack modelling in R 2 and R 3 . In Section 4, the computational methodology adopted in X-FEM and the numerical issues involved are discussed. The strong and weak forms of the Galerkin method for elastostatics, along with the discrete equations for X-FEM are given in Section 5. In Section 6, a brief description of three-dimensional domain integral computations is presented, which is followed by numerical results for several problems in three-dimensional linear elastic fracture mechanics. The numerical SIF results are compared to available reference solutions from the literature. Some ÿnal remarks and conclusions are made in Section 7.
EXTENDED FINITE ELEMENT METHOD
In ÿnite element methods, a partition of a domain into sub-domains (elements) forms the basis of mesh generation. The presence of aws or inhomogeneities such as cracks, voids, and inclusions must be taken into account in mesh generation-the mesh must conform to these geometric entities. In unstructured mesh generation, a Delaunay tessellation of the domain results in triangular elements in R 2 and tetrahedral elements in R 3 . Alternatively, algorithms for the construction of quadrilateral (in two dimensions) or hexahedral meshes (in three dimensions) are also available. In computational fracture, quadrilateral or hexahedral elements are preferred to triangular or tetrahedral elements due to the higher-order approximation in the former. However, in comparison to unstructured mesh generation, hexahedral mesh generation has not reached a mature stage of development, and hence mesh generation in three dimensions for computational fracture applications continues to present many challenges.
The extended ÿnite element method alleviates much of the burden associated with mesh generation by not requiring the ÿnite element mesh to conform to cracks, and in addition, provides a seamless means to use higher-order elements or special ÿnite elements without signiÿcant changes in the formulation. The essence of X-FEM lies in sub-dividing a model problem into two distinct parts: mesh generation for the geometric domain (cracks not included), and enriching the ÿnite element approximation by additional functions that model the aw(s) and other geometric entities.
The enrichment of the ÿnite element approximation is described as follows. Consider a point x of R d (d = 1-3) that lies inside a ÿnite element e. Denote the nodal set N = {n 1 ; n 2 ; : : : ; n m }, where m is the number of nodes of element e. (m = 2 for a linear one dimensional ÿnite element, m = 3 for a constant-strain triangle, m = 8 for a trilinear hexahedral element, etc.) The enriched displacement approximation for a vector-valued function u(x) :
where the nodal set N g is deÿned as
In the above equation, ! J = supp(n J ) is the support of the nodal shape function J (x), which consists of the union of all elements with n J as one of its vertices; and g is the domain associated with a geometric entity such as a hole, crack surface, or crack front. In general, the choice of the function (x) depends on the geometric entity.
CRACK MODELLING
The crack is modelled by enriching the nodes whose nodal shape function support intersects the interior of the crack by a discontinuous function, and enriching the nodes whose nodal shape function support intersects the crack front (crack-tip in R 2 ) by the two-dimensional asymptotic crack-tip ÿelds.
Enrichment
We restrict the decription of the implementation to planar cracks in three dimensions. The enrichments concepts that follow are easily extended to non-planar cracks but the implementation is more di cult.
Consider a single crack in three dimensions, and let c be the crack surface and c the crack front. Note that for an internal crack, the crack front corresponds to the boundary of the crack: c = @ c whereas for an edge crack, the crack front is only part of the boundary: c ⊂ @ c . The interior of a planar crack is modelled by the enrichment function H (x), which we refer to as a generalized Heaviside function. The function H (x) takes on the value +1 above the crack and −1 below the crack. More precisely, let x * be the closest point to x on the crack c , and n be the normal to the crack plane (Figure 1 ). The H (x) function is then given by +1 if (x − x * ) · n¿0 and −1 otherwise, i.e.
To model the crack front and also to improve the representation of crack-tip ÿelds in threedimensional computations, crack-tip enrichment functions are used in elements which contain the crack front. In the neighbourhood of the crack front, the asymptotic ÿelds are two-dimensional in nature. The crack front enrichment consists of functions which incorporate the radial and angular behaviour of the two-dimensional asymptotic crack-tip displacement ÿeld:
where r and Â are polar co-ordinates in the x1-x2 plane ( Figure. 1) . Note that the second function in the above equation is discontinuous on the crack plane. If a three-dimensional planar crack coincides with element boundaries, an equivalence exists between the ÿnite element space with the crack explicitly modelled by the mesh and the X-FEM space with H (x) used as the enrichment function. This correspondence for two-dimensional cracks was shown in References [24; 25] , which readily extends to three dimensions.
COMPUTATIONAL METHODOLOGY
Computational geometry issues associated with the representation of the crack and the enrichment of the ÿnite element approximation are discussed. The X-FEM implementation is performed in C ++ : the object-oriented features of C ++ provide for better data management, encapsulation, code re-usability, exibility, and maintenance. In the following sub-section, we describe some of the important computational geometry issues, with an aim towards an accurate and robust implementation.
Mesh-geometry interactions
The ÿnite element mesh consists of tetrahedral, prismatic, and hexahedral elements. In two dimensions, cracks are represented by line segments and the crack front is a point. In three dimensions, a crack is represented by a polygon partition into triangles, and the crack front consists of line segments as in Reference [19] .
The notion of geometric predicates which is widely used in computational geometry, is also an integral part of the X-FEM mesh-geometric computations. In the following sub-section, we brie y touch upon the concept of geometric predicates. In crack modelling, di erent functions are used to enrich the displacement approximation in the interior of the crack and on the crack front. Therefore, one of the ÿrst tasks is to determine the ÿnite elements that intersect the crack. These ÿnite elements are then partitioned into simplices so that numerical integration of the weak form accounts for the discontinuities on either side of the crack surface. These sub-tetrahedrons are also used to determine whether a node is to be enriched (see Section 4.1.4).
Geometric predicates.
Since data is stored and computations performed using ÿnite-precision arithmetic, it is essential that the robustness of algorithms is maintained even for small perturbations in the data. E orts have been made to develop robust geometric predicates [26] , which are especially important in the development of algorithms for the Delaunay tessellation and Voronoi diagram of a point set.
The incircle and orientation tests are widely used in computational geometry. The orientation test determines whether a point lies to the left of, to the right of, or on a line or plane deÿned by other points. The incircle test determines whether a point lies inside, outside, or on a circle (sphere) deÿned by other points. Each of these tests is performed by evaluating the sign of a determinant. Instead of explicitly computing intersections, geometric predicates provide an easier and robust means to evaluate queries.
In X-FEM, the orientation test is used to determine the nodal enrichment for a query point x and in the algorithm for the partitioning of the ÿnite elements into tetrahedrons in three dimensions. In the evaluation of the predicates associated with a planar crack and for generality to both two and three dimensions, we assume the crack plane (crack segment in two dimensions) is deÿned by a point x 0 that lies on it and a unit normal m. In two dimensions, if e 1 and e 2 are unit vectors in the plane, then t × m is a vector along e 3 , where t is the tangent vector to the crack segment, and in three dimensions m is the unit normal to the plane of the crack. The equation of the crack segment in R 2 or the crack plane in R 3 can be written as
For a query point x, the ternary predicates ABOVE (f(x)¿ ), BELOW (f(x)¡− ), and ON (− 6 f(x)6 ) are used, where = 10 −6 is used as the tolerance for a ÿnite element mesh with element edge length of O(1).
Crack-mesh intersection.
A na ve approach to ÿnding all ÿnite elements that intersect the crack is to test for intersection with each element in the mesh. Clearly, this is of O(N ) complexity, where N is the number of elements in the mesh, and hence is not a computationally attractive choice. A more appealing alternative that is computationally feasible is adopted. Since determining the elements that intersect with the crack is non-trivial, we ÿrst ÿnd a candidate set that is possibly larger than the desired set. We use a bounding box (BB) of cell dimensions 10×10×10 that encompasses the entire ÿnite element mesh. The cell dimensions of the BB-mesh is used as a compromise between computational costs and storage requirements. For a given query point x that is contained in a BB-element b, all the associated ÿnite elements t b that intersect b are obtained. In three dimensions we use a map of the vertices of a triangle from x → [ ; Á], where (0; 0); (1; 0), and (0; 1) are the vertex co-ordinates of the reference right-angled triangle. The starting search path for a triangle [x a ; x b ; x c ] is ( ; Á) = (0; 0); ( ; Á) = (1; 0), and ( ; Á) = (0; 1), In order to ÿnd the set of all intersected elements (may be larger than the exact set), a recursive algorithm is implemented. The stopping criterion is 1. if all points are in the same ÿnite element; or 2. if the element sets for all adjacent points have at least one element in common; or 3. if the distance between all points in the reference co-ordinate is less than a prescribed tolerance. In three dimensions,
where V is the area of the triangle (simplex partition of the crack).
Partitioning of ÿnite elements.
The algorithm to compute the intersected ÿnite elements is outlined in Section 4.1.2. Here we describe the algorithm to partition a given three-dimensional ÿnite element into tetrahedrons. The partitioning is carried out for all the elements that are selected on the basis of the algorithm presented in Section 4.1.2; as mentioned earlier, this set of elements can be larger than the exact set of elements that intersect the crack domain. In Section 4.1.4, an additional criterion is invoked so that the nodal enrichment is precise.
We ÿrst illustrate the procedure in two dimensions. Each crack segment is deÿned by a point x 0 on it and the unit normal vector m that is deÿned in the previous sub-section. The face and element connectivity of each ÿnite element are also known, with counterclockwise orientation of the nodes assumed in the connectivity. Standard Template Library (STL) containers in C ++ are used to create maps for node-to-co-ordinates, node-to-orientation, and edge-to-connectivity for the ÿnite element. The orientation (ABOVE = + 1; BELOW = − 1; ON = 0) of the nodes of the ÿnite element are set and stored in the node-to-orientation map.
The element is partitioned if and only if there exists two nodes in the connectivity with orientation +1 and −1. A loop over the edges of the ÿnite element is carried out, and if there is an intersection for an edge, the point of intersection is computed and added to the node-to-co-ordinate and edge-to-connectivity maps. The orientation of the point of intersection is set to +10 if the orientation of the ÿrst point of the edge is +1, and −10 if the orientation of the ÿrst point is −1. This updates the edge map for the ÿnite element. Now, using the edge map of the ÿnite element, two new edge maps for the domains above and below the crack are created. The two edges (upper and lower) that correspond to the crack segment are also created such that counterclockwise orientation of the nodes is preserved. The centroid of the two domains is evaluated with the orientation for the node that belongs to the surface above the crack set to +100, and the orientation set to −100 for the node that belongs to the surface below the crack. A loop over the two edge maps is carried out and on using the centroid for each surface, the partitioned elements are obtained. The partitioned elements for a sample crack are illustrated in Figure 2 .
The partitioning of three-dimensional polyhedrons is more involved than the two-dimensional case. Even for the simpliÿed case of partitioning a three-dimensional ÿnite element that is cut by a plane, no public-domain package that can readily interface to a C ++ program is currently available. An algorithm was hence developed and implemented for the partitioning of a threedimensional ÿnite element (such as tetrahedron, prism, or hexahedron) by a single crack plane. The crack is deÿned by a point x 0 that lies on it and the unit normal vector m that is deÿned in the previous sub-section. The nodal connectivities of the ÿnite element are stored in counterclockwise orientation, and the face connectivities are stored such that an edge that is common to two faces is traversed in opposite directions. The nodal and face connectivity of a tetrahedron are such that if the nodes on a face are traversed in a certain sense, then the thumb, using the right-hand rule, points in the direction of the fourth node. Standard Template Library (STL) containers are used to create maps for node-to-co-ordinates, node-to-orientation, and face-to-connectivity for the ÿnite element. The orientation (ABOVE = + 1; BELOW = − 1, ON = 0) of the nodes of the ÿnite element are set and stored in the node-to-orientation map.
The element is partitioned if there exists two nodes in the connectivity with orientation +1 and −1. A loop over the faces of the ÿnite element is carried out, and if the crack plane intersects an edge, the point of intersection is computed and added to the node-to-co-ordinate and face-toconnectivity maps. The orientation of the point of intersection is set to +10 if the orientation of the ÿrst point on the edge is +1, and −10 if the orientation of the ÿrst point is −1. This updates the face-to-connectivity map for the ÿnite element.
Next, using the face map of the ÿnite element, two new maps for the domains above and below the crack plane are created. The two faces (upper and lower) that correspond to the crack plane are also created so that the orientation of the nodes in the face meet the requirementcounterclockwise for nodes in the above surface and clockwise orientation for the nodes in the below surface preserve the correct orientation of the partitioned tetrahedrons. The centroid of the nodes in the face maps is evaluated and the orientation of the new point (node) that belong to the above face map is set to +100, and −100 for the point (node) below the face map. The centroid of the two volumes is evaluated with orientation +1000 for the node that belongs to the volume above the crack and orientation set to −1000 for the node that belongs to the volume below the crack. A loop over the two face maps is carried out and using the centroid for each face and the centroid of the two volumes, the partitioned elements are obtained. The partitioned elements for an edge crack in a 4 × 4 × 4 hexahedral mesh are shown in Figure 3 .
Nodal enrichment.
We next describe the enrichment for crack modelling. The enriched ÿnite element approximation is
The second and third terms on the right-hand side of the above equation are the discontinuity and front enrichments, respectively. The set N f consists of those nodes for which the closure of the nodal shape function support intersects the crack front. The set N c is the set of nodes whose nodal shape function support is intersected by the crack and which do not belong to N f :
Note that for any node in N c , the support of the nodal shape function is fully cut into two disjoint pieces by the crack. If for a certain node n I , one of the two pieces is very small compared to the other, then the generalized Heaviside function used for the enrichment is almost a constant over the support, leading to an ill-conditioned sti ness matrix. Therefore, in this case, node n I is removed from the set N c . The criterion for nodal inclusion in N c is as follows: the volume above the crack is V above , and the volume below the crack is V =V ! is below a prescribed tolerance, the node is removed from the set N c . We use a tolerance = 10 −4 .
GOVERNING EQUATIONS

Strong form
Consider a body ⊂ R 3 , with boundary . The boundary consists of the sets u , t , and
c . All the internal surfaces i c are assumed to be traction-free. The boundary value problem of elastostatics solves for the displacement u(x) of a body which is ÿxed on u and subjected to surface forces (tractions) along t ( Figure 4) . We now consider the boundary value problem for small displacement elastostatics. The ÿeld equations of elastostatics are
where ∇ s is the symmetric gradient operator and C is the tensor of elastic moduli for a homogeneous isotropic material. The essential and natural boundary conditions are
A · n = 0 on 
where n is the unit outward normal to , u and t are prescribed displacements and tractions, respectively, and m is the number of internal surfaces. Note that Equation (10c) imposes the condition that the internal surfaces i c be traction-free.
Weak form and discrete system
We consider the weak form for the equilibrium equation of elasticity with the associated boundary conditions. For the discrete system, the weak form (principle of virtual work) is
where u h (x) ∈ V h and v h (x) ∈ V h 0 are the approximating trial and test functions used in X-FEM. Since we are not concerned with convergence proofs, we restrict the discussion to those spaces used in the construction of the discrete approximation. The space V h is the enriched ÿnite element space that satisfy the Dirichlet boundary conditions, and which include basis functions that are discontinuous across the crack surfaces. The space V h 0 is the corresponding space with homogeneous Dirichlet boundary conditions.
In a Bubnov-Galerkin procedure, the trial functions u h as well as the test functions v h are represented as linear combinations of the same shape functions. The trial and test functions, which are based on Equation (6) are
where I (x) are the ÿnite element shape functions, and j (x) (j = 1-4) are the enriched functions for the crack front, which are given in Equation (4). On substituting the trial and test functions from Equation (12) into Equation (11), and using the arbitrariness of nodal variations, the following discrete system of linear equations is obtained:
where d is the vector of unknowns at the nodes, and the sti ness matrix K is
In Equation (14), the external force vector f is deÿned as
The discrete equations have three degrees of freedom for unenriched nodes. Nodes in the set N c have each three degrees of freedom, and nodes in the set N f have each twelve degrees of freedom-see Section 4.1.4 for details on the nodal sets N c and N f .
In Equation (15), C is the constitutive matrix for an isotropic linear elastic material, and B 
NUMERICAL RESULTS
Several problems are presented to illustrate the accuracy and versatility of the extended ÿnite element method in three-dimensional elastostatics. We ÿrst solve some benchmark crack problems, and then examine the performance of X-FEM for cracks in ÿnite specimens. Finite element mesh generation is carried out by gmsh [27] , which is available in the public-domain. In all problems, numerical integration is carried out using Gauss-Legendre quadrature. In hexahedral elements associated with only the ÿnite element shape functions, 2×2×2 quadrature is used, and in elements that also have enriched degrees of freedom, 6 × 6 × 6 quadrature is used. In all problems, the generalized Heaviside function H (x) and the two-dimensional asymptotic crack-tip displacement functions (see Section 3) are used to model the crack. A conjugate gradient sparse iterative solver IML ++ [28] is used with the convergence tolerance set to 10 −8 . The elastic constants used in the computations are: Young's modulus E = 10 5 psi and Poisson's ratio = 0:3. The implementation of the domain form of the contour J -integral and the parameters used in the computations are described in the following section.
Computation of stress intensity factors
Domain integral methods [29] [30] [31] are used to evaluate stress intensity factors along the threedimensional crack front. For the mode I crack problems considered here, the stress intensity factor at a point s on the crack front is given by
With the normal to the crack front (and in the crack plane) oriented along thex 1 -axis of a local co-ordinate system, the pointwise J -integral is given by
where
Domain integral representations of the crack-tip contour integral provide a convenient and accurate method for evaluating stress intensity factors in two-or three-dimensional fracture. For linear elastostatics, in the absence of body forces and material inhomogeneities, and assuming tractionfree crack surfaces, the volume form of the domain integral is given by [29] 
where V is a volume enclosing the crack front, n k (s) are components of the in-plane unit outward normal at s, l k (s) are components of an arbitrary unit vector at s lying in the plane of the crack and L c is the perturbed segment (virtual extension) along the crack front ( Figure 5 ). The vector ÿeld q k is deÿned in V as
o nS 0 arbitrary otherwise (22) 6.1.1. Implementation in X-FEM. The mode I stress intensity factors are computed by the domain form of the contour J -integral. Consider a point s on the crack front where the stress intensity factor is to be computed. In order to evaluate Equation (21), a virtual extension domain is required around the point s on the crack front [20] . Typically, in fracture analysis with ÿnite elements, the mesh is constructed so that the virtual extension domain is the union of ÿnite elements in the vicinity of the point s. Since the crack is not modelled as part of the ÿnite element mesh in X-FEM, this is not a natural choice. In the two-dimensional implementation of X-FEM [24] , elements that were within a characteristic distance of the crack-tip were included in the virtual extension domain, which does not readily generalize to an easy-to-implement algorithm in three dimensions. An alternative approach is to use an independent grid of hexahedral cells around the point s to deÿne the virtual extension domain. This approach is used in EFG for fracture problems, and we adopt the same approach in the three-dimensional implementation of X-FEM. We describe the virtual extension domain for the elastostatic problems presented in Section 6. Let the perturbed segment (L c ) along the crack front be parameterized by the curvilinear co-ordinate s :
Consider the evaluation of the domain integral at a point s on the crack front. The dimensions of the virtual extension domain are: Lˆ1; Lˆ2 and Lˆ3 along the xˆ1-; xˆ2-, and xˆ3-co-ordinate directions, respectively. The point s is located at the origin of the local orthogonal xˆ1xˆ2xˆ3-co-ordinate system ( Figure 6 ). The xˆ2-axis is contained in the plane of the crack and is tangential to the crack front at s. The J -domain is sub-divided into 6 × 2 × 6 hexahedral cells, and 6 × 6 × 6 quadrature rule is used in each integration cell. In three-dimensional fracture, the denominator in Equation (21) are the element lengths on either side of s in thex 2 -direction. On using the same approximation, we obtain
which is used in the X-FEM domain integral computations. We deÿne the vector function q k in the local crack-front co-ordinate system. The function qˆ1 is chosen to be a trilinear function which vanishes on the boundary of the virtual extension domain and is unity at the point s. In the local crack-front co-ordinate system, qˆ1(xˆ1; xˆ2; xˆ3
with the aid of the above formulas for various terms that appear in Equation (21), we evaluate the domain form of the J -integral.
Benchmark problems
For an inÿnite domain, two well known and widely used benchmarks are the penny crack and the elliptical crack under pure mode I loading conditions. The problem of an edge crack in a ÿnite-thickness plate under tension [33] is also used to study the accuracy of new numerical techniques in three-dimensional SIF computations. We compare the numerical stress intensity factors to the SIF solutions for the above problems. 6.2.1. Planar penny crack in an inÿnite domain. Let a be the radius of a penny crack with x 3 the co-ordinate axis normal to the plane of the crack. The closed-form solution for the stress intensity factor along the crack front of a penny crack in an inÿnite domain under uniaxial tension is given by [34; 35]
Consider a penny crack of radius a = 0:1 inside a bi-unit cube. The specimen is subjected to the stress 0 33 = 1 in the x 3 -direction. Since the e ects of the ÿnite size of the model are minimal, we use the exact solution given in Equation (25) . Two di erent meshes are used: (a) Mesh 1 consists of 24 × 24 × 24 hexahedral elements, and (b) Mesh 2 has 24 × 24 × 25 hexahedral elements. In the former, the crack lies on element faces, whereas in the latter, the crack is located in the centre of the elements (no intersection with any element faces). Both meshes have graded reÿnement towards the centre of the cube and in the plane of the crack (Figure 7) . The nodes normal to the crack surface are equi-spaced with length h.
In Figure 8 , a contour plot of the crack plane (x 3 = 0) nodal enrichment for the 24 × 24 × 24 mesh is shown. The domain of enrichment extends an element length (h) above and below the crack plane: identical contour plots to that shown appear on x 3 = ± h. In Figure 8(a) , the nodes enriched on the crack plane by the generalized Heaviside function are indicated, and in Figure 8(b) , the nodes enriched by the crack-tip functions are shown. In both the contour plots, colour codes are assigned a number between 0 and 4, where the number indicates the number of nodes on the face of the element that are enriched. As one can observe, the mesh is fairly coarse in the vicinity of the crack front. In Table I , the parameters for the system equations are indicated.
The dimensions of the virtual extension domain are: Lˆ1 = 2a; Lˆ2 = a=2; Lˆ3 = 2a, and Lˆ1 = Lˆ2 = a=2; Lˆ3 = 2:5a for meshes 1 and 2, respectively. The SIF results have four-fold symmetry; hence results for only 0
• 6Â690
• are presented. In Table II , the numerical SIF results are presented as a function of Â, and in Figure 9 , the normalized SIF is shown as a function of Â. The X-FEM 
where Â is the elliptic angle (Figure 10 ), 0 33 is the far-ÿeld applied stress in the x 3 -direction, and E(k) which is the elliptic integral of the second kind is given by
The ÿnite element mesh consists of 24 × 24 × 24 hexahedral elements. The number of unknowns in the matrix system is 48 324, with 3 993 602 non-zero entries in the sti ness matrix-matrix sparsity is 0.17 per cent. The dimensions of the virtual extension domain are: Lˆ1 = 2b; Lˆ2 = b; Lˆ3 = 4b. The SIF results have four-fold symmetry; hence results for only 0
• are presented. For the chosen values of a and b, the value of the elliptic integral E(k) = 1:211096 [36] . In Table III , the SIF results are presented as a function of the elliptic angle Â, and in Figure 11 , the normalized SIF is plotted versus Â. The agreement between the exact solution and the numerical results is good for the entire range of Â. The minimum (Â = 10
• ) and maximum (Â = 30 • ) errors in the stress intensity factors are 0.6 and 3.7 per cent, respectively. 6.2.3. Single edge-crack tension specimen. A single edge-crack tension specimen ( Figure 12 ) subjected to unit tractions in the x 3 -direction is analysed. The dimensions of the specimen are: h=w = 1:75; a=w = 1:0, and t=w = 3:0. This benchmark problem was studied by Raju and Newman [33] using singular ÿnite elements, and by Li et al. [37] , who used a symmetric weak-form boundary integral equation method. Two di erent ÿnite element meshes are considered in the X- parameters for the di erent meshes are indicated in Table IV . The dimensions of the virtual extension domain are: L1 = 6h 1 , L2 = 2h 2 , and L3 = 6h 2 .
The SIF results for the hexahedral meshes are presented in Table V , and in Figure 13 , comparisons with the results obtained by Raju and Newman [33] and Li et al. [37] are shown. The arc length co-ordinate s is measured along the crack front, from its centre (s = 0) to the point where it meets the free surface s = t=2 . The stress state at the centre of the specimen is under near plane strain conditions and the numerical SIF approaches the two-dimensional plane strain result. Good agreement between the X-FEM results and the reference solutions are obtained in the interior, away from the free surface. The SIF results due to Li et al. [37] are greater than the other numerical results towards the centre of the crack front.
The stress state at the intersection of a crack with a free surface has been the subject of many studies. The order of the singularity at the intersection of a crack and a free surface is r − ( ¡ 1 2 ), where is dependent on the Poisson's ratio [38] . Bazant and Estenssoro [39] investigated the stress singularity index by a special ÿnite element method for mode I-III cracks. Tan and Fenner [40] used boundary integral equations to study the nature of the singularity at the intersection between a crack and a free surface and showed numerically that the stresses (strains) near the free surface are less singular than the inverse square root form, and the e ect becomes more pronounced with increasing Poisson's ratio. The trend towards a diminishing K I as the free surface is approached is observed in the X-FEM as well as other reference solution results. As an example of an embedded crack in a ÿnite domain, we consider the problem of a penny crack of radius a located at the centre of a bi-unit cube. We choose a = 0:5, and compare the numerical results to those obtained by Li et al. [37] who used a symmetric weak-form boundary integral equation formulation. As a reference solution, a reÿned mesh solution was adopted in Reference [37] for the stress intensity factor at Â = 0 • : Table VI , the solution parameters are indicated. The dimensions of the virtual extension domain are: Lˆ1 = 2h, Lˆ2 = 2h, Lˆ3 = 2h. In Table VII , the SIF results are presented as a function of Â. With reÿnement, improved SIFs are obtained for all Â, which indicates the correct trend towards convergence. Comparing the numerical solution at Â = 0
• to the reference solution given in Equation (28), we observe that the di erence between the numerical result and the reference solution for meshes 1 and 2 are about 2.0 per cent and 1.6 per cent, respectively.
CONCLUSIONS
The formulation and implementation of the extended ÿnite element method (X-FEM) for threedimensional crack modelling was described. In X-FEM, the ÿnite element space is enriched by adding special functions to the approximation using the notion of partition of unity. For threedimensional crack modelling, a discontinuous function was used to model the interior of the crack surface, and functions from the two-dimensional asymptotic crack-tip displacement ÿelds were used for the crack front enrichment. These enrichment functions were added to the ÿnite element approximation within the context of a displacement-based Galerkin formulation.
Issues pertaining to accurate and robust geometric computations in X-FEM were addressed, and some of the algorithms were described. The performance of the extended ÿnite element method for three-dimensional static cracks was studied. Benchmark mode I problems of penny and elliptical cracks in an inÿnite domain were solved. The numerical stress intensity factors (SIFs) were found to be in good agreement with the exact solution for these problems.
The SIFs obtained using X-FEM for a single edge-crack in a ÿnite-thickness specimen approached the plane strain results towards the centre of the specimen and showed a signiÿ-cant decrease as the free surface was approached, which corresponded well to other reference solutions. The SIF results at Â = 0
• for an embedded penny crack in a ÿnite cube also showed good agreement with the solution due to Li et al. [37] .
This study demonstrates the accuracy of the extended ÿnite element method in three-dimensional SIF computations. The method provides a robust and versatile numerical tool to solve crack problems in complex structural components without the need to explicitly align the mesh with the crack. By eliminating the need to include the crack surfaces in the model, mesh generation is greatly simpliÿed. Furthermore, it facilitates the modelling of crack growth for fatigue studies, since a single mesh su ces.
